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Abstract001

Reasoning models produce long chain-of-002
thought traces. When the final answer is003
wrong, the reader cannot easily point at the004
exact step that broke. Asking another large005
language model to find the error works in part,006
but the model disagrees with itself across re-007
runs and misses certain error types entirely.008
We introduce Telegraph Reasoning, a discrete009
grammar for reasoning traces that lets a small010
rule-based linter and a symbolic algebra sys-011
tem check every step. The grammar has seven012
tags. The linter has eleven rules; four seman-013
tic rules use SymPy to check variable scope,014
units, numeric equations, and model-emitted015
verification claims. On a corpus of 266 traces016
with injected errors, the linter catches 99.5 per-017
cent of the errors. A self-verifying language018
model catches 66.3 percent. A frontier judge019
model catches 87.2 percent. The linter takes020
nine milliseconds per trace, returns the same021
answer on every run, and uses no language022
model at verification time.023

1 Introduction024

Reasoning models accumulate long chain-of-025

thought traces. The literature has made these026

traces shorter (RL-trained efficient reasoning,027

length-compression heuristics) and made them028

denser (latent-state compression, dense memento029

tokens). Neither line of work makes the traces030

checkable. When the model gives a wrong answer,031

the reader cannot run a unit test on the trace to032

find the broken step.033

The closest existing approach is to ask a second034

language model to verify each step (Ling et al.,035

2023). The verifier reads the trace, comments036

on each line, and votes on whether the trace is037

consistent. This works on easy errors but breaks038

down on three categories that come up often in039

math: a variable used before it is defined, a unit040

dropped or changed mid-derivation, and two equa-041

tions that bind the same name to different values.042

These are exactly the categories where symbolic 043

re-execution would settle the question determin- 044

istically. The verifier is also non-deterministic in 045

practice: reruns at temperature zero disagree on 046

roughly ten percent of traces. 047

We introduce Telegraph Reasoning (TE), a dis- 048

crete grammar for reasoning traces designed for 049

mechanical verification. TE traces are sequences 050

of tagged lines. Seven tags suffice for arithmetic, 051

algebraic, and unit-dimensional reasoning. An 052

11-rule linter checks structural and semantic prop- 053

erties of the trace; the load-bearing rule re-runs 054

every check claim in the trace through a SymPy 055

verifier. The verification is deterministic by con- 056

struction and runs in single-digit milliseconds. 057

Contributions. 058

1. A discrete grammar (TE_REASONING_V1) 059

for LLM reasoning traces, with an 11-rule 060

linter and a SymPy-based symbolic verifier 061

(§3). 062

2. An empirical demonstration that Claude Son- 063

net 4.6 emits TE traces at 100% struc- 064

tural compliance on GSM8K and 96.4% 065

on MATH500 with prompt-only 5-shot in- 066

context learning, at parity accuracy with 067

strong NL chain-of-thought baselines on sim- 068

ple math (§5.1). 069

3. The paper’s headline result: on a 266- 070

trace adversarial-error corpus, the linter plus 071

SymPy verifier catches 99.5% of injected 072

errors. The closest LLM-driven baseline 073

catches 66.3%; a frontier LLM judge catches 074

87.2%. The linter wins by 33 percentage 075

points and 12 percentage points respectively, 076

with sub-10-millisecond latency (§5.2). 077

The contribution is a substrate, not a competi- 078

tor. RL-trained efficiency methods make traces 079
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shorter; TE makes traces checkable. The two are080

orthogonal and combine naturally.081

2 Related Work082

Discrete structured verification. Natural Pro-083

gram (Ling et al., 2023) is the closest precedent:084

a natural-language deductive format with LLM-085

driven step-by-step self-verification. We share its086

structure-then-verify mindset but make the struc-087

ture formal (a seven-tag grammar) and the veri-088

fier deterministic (an 11-rule linter plus SymPy).089

Natural Program cannot be unit-tested; the linter090

can. TraceGuard (Guo et al., 2026) also imposes091

structure on reasoning traces but for backdoor de-092

tection, not correctness.093

Compressed and latent reasoning state. A sep-094

arate family compresses reasoning into dense or095

continuous representations: Coconut (Hao et al.,096

2024) reasons in continuous hidden state; CCoT097

(Cheng and Van Durme, 2024) uses dense con-098

templation tokens; SPOT (Chu et al., 2026) de-099

codes latent pause tokens via a frozen LM head100

into readable keywords; MEMENTO (Kontonis101

et al., 2026) compresses reasoning blocks into102

dense mementos that share a hidden KV chan-103

nel. None of these methods produces a reasoning104

state amenable to mechanical verification: SymPy105

cannot verify a keyword soup, and a hidden KV106

channel cannot be linted. TE’s design choice is107

the prerequisite for the deterministic auditability108

we measure.109

RL-trained efficiency. BCR (Yang et al., 2026)110

trains models to solve multiple problems in a111

shared context window with implicit budget pres-112

sure, reducing per-problem token usage by up to113

62% while preserving accuracy. Other length-114

compression methods (Wei et al., 2026; Bian et al.,115

2026; Hu et al., 2026; Cao et al., 2026) achieve116

similar reductions through RL with explicit length117

penalties. None of these methods makes the rea-118

soning state itself verifiable. TE is orthogonal: a119

TE-format model trained with BCR-style multi-120

problem batching is a natural follow-up, and we121

list it as future work in §7.122

3 Telegraph Reasoning123

A TE trace is a sequence of tagged lines.124

Seven tags cover arithmetic, algebraic, and unit-125

dimensional reasoning: GIVEN (problem inputs),126

GOAL (target), STEP (one-line natural-language127

justification, optionally citing prior IDs), EQ[ID] 128

(a SymPy-parseable equation), CHECK[ID] (a ver- 129

ification claim of one of five kinds: arith, unit, 130

domain, consistency, or bound), OPEN/RESOLVE 131

(case-split markers), and ANS (the final answer). 132

The grammar is deliberately small. The full BNF 133

is in Appendix A. 134

3.1 The linter 135

The linter has eleven rules in two layers. Each rule 136

emits a stable error code (TE_E001–TE_E012) 137

on violation; TE_E009 is reserved (see below). 138

The seven structural rules check trace shape and 139

need only the parse tree: 140

• Rule 1 (TE_E001): given, goal, and 141

ans appear in order. 142

• Rule 2 (TE_E002): all IDs across eq, 143

check, open are unique. 144

• Rule 3 (TE_E003): every from reference 145

points to a previously defined ID (closure). 146

• Rule 8 (TE_E008): no unresolved open at 147

ans. 148

• Rule 10 (TE_E010): every line begins with 149

a recognized tag (no untagged text). 150

• Rule 11 (TE_E011): ans is derivable from 151

the eq chain. 152

• Rule 12 (TE_E012): no NL hedging tokens 153

(maybe, actually, wait) inside tagged lines. 154

Rule 9 (TE_E009) is reserved for v2 dimensional 155

analysis; the error-code numbering is kept stable 156

for forward compatibility. 157

The four semantic rules require SymPy: 158

• Rule 4 (variable scoping, TE_E004): ev- 159

ery free symbol in eq, check, or ans must 160

be declared in given or be the LHS of an 161

earlier eq. 162

• Rule 5 (unit consistency, TE_E005): an 163

eq’s declared unit must match the unit of its 164

RHS, computed from constituent symbols’ 165

given units. 166

• Rule 6 (numeric correctness, TE_E006): 167

when an eq’s RHS resolves to a numeric 168

value via the given bindings and prior eq 169

chain, the linter substitutes and evaluates and 170

asserts equality with the declared LHS within 171

ε = 10−6. 172
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• Rule 7 (CHECK independence, TE_E007):173

the load-bearing rule. For every174

check[id] the linter recomputes the175

asserted property directly from the trace176

AST — arithmetic equality, unit literal,177

domain predicate, cross-eq consistency, or178

bound clause — and flags any disagreement179

between the model’s claim and the linter’s180

recomputation.181

Rule 7 is what distinguishes TE from prior182

structured-CoT formats such as Natural Program:183

rather than asking an LLM to self-verify each184

step, the linter independently re-executes every185

claim the model makes. Rule 6 is the empirical186

workhorse on the corpus we evaluate (§5.3); rule187

7 is the conceptual distinction that makes verifica-188

tion possible at all.189

3.2 Worked example190

Consider a trace that solves “How many eggs does191

Janet sell at the market?” with input 16 eggs total,192

3 eaten, 4 baked, sold at $2 each:193

GIVEN:194
total := 16195
eaten := 3196
baked := 4197
price := 2 [USD]198

GOAL: revenue [USD]199
STEP[s1]: subtract used eggs200
EQ[e1]: sold = total - eaten - baked201
CHECK[c1]: arith: e1.value == 9202
EQ[e2]: revenue = sold * price203
CHECK[c2]: arith: e2.value == 18204
ANS: 18 [USD]205

The linter parses each line, builds the scope206

from given, and for check[c1] re-runs207

total − eaten − baked = 16 − 3 − 4 = 9,208

agreeing with the asserted 9. For check[c2] it209

re-runs sold · price = 9 · 2 = 18. If a model210

had instead written CHECK[c1]: arith:211

e1.value == 8 (an arithmetic slip), the linter212

would compute 9, disagree, and emit TE_E007 at213

line 9 with the offending values. A self-verifying214

LLM, by contrast, must notice that 16−3−4 ̸= 8215

from prose alone — which it does most of the time216

but not always.217

3.3 SymPy verifier218

SymPy parsing operates under a restricted219

whitelist of 18 functions and four constants (π,220

e, i, ∞). Identifiers not in the whitelist auto-221

register as user symbols, preventing SymPy global-222

namespace shadowing of user variable names. A223

two-second per-call timeout on simplify pre- 224

vents pathological slowdowns; we observed no 225

timeouts across the entire 266-trace evaluation 226

corpus. Numeric tolerance is ε = 10−6. The full 227

whitelist and parser interface are in Appendix B. 228

4 Experimental Setup 229

We evaluate all conditions on Claude Sonnet 4.6 230

via AWS Bedrock at temperature 0.2 for gener- 231

ation, 0.0 for verification. Benchmarks are the 232

full GSM8K test split (n = 1,319) and the full 233

MATH500 test split (n=500). Maximum gener- 234

ation tokens are 1,024 for GSM8K and 2,048 for 235

MATH500. 236

E1 (prompt-only accuracy). Four conditions: 237

R5 (TE scratchpad with 5 in-context examples), 238

R1 (standard chain-of-thought, no shots), R2 (con- 239

cise CoT, no shots), R3 (JSON scratchpad, no 240

shots). The asymmetric prompting gives base- 241

lines a ∼1,000-token prompt-budget advantage. 242

On GSM8K, the non-inferiority claim survives 243

this conservative design; on MATH500 we re- 244

port the resulting deficit rather than claiming non- 245

inferiority. 246

E5 (auditability). A 266-trace adversarial cor- 247

pus comprising 30 hand-crafted seeds, 166 pro- 248

grammatic perturbations of correct R5 traces, 50 249

random clean controls, and 20 hard-clean controls. 250

Each adversarial trace contains exactly one in- 251

jected error from one of five categories: arithmetic 252

slip, lost variable, unsupported conclusion, wrong 253

unit, contradicting equation. We compare four 254

verification methods: M1 (TE structural-only lin- 255

ter), M2 (TE + SymPy linter, full rules 1–12), M3 256

(Natural Program self-verify on deterministically- 257

translated traces), M4 (LLM judge: Sonnet 4.6 258

prompted to detect inconsistencies). M3 and M4 259

run three times per trace at temperature 0.0 with 260

majority vote; M1 and M2 are deterministic by 261

construction. 262

Statistics. 95% paired-bootstrap CIs (10,000 263

iterations); McNemar’s χ2 with continuity correc- 264

tion; Holm–Bonferroni correction at family-wise 265

α=0.05. Power exceeds 0.99 under the observed 266

effect. 267

5 Results 268

5.1 E1: prompt-only accuracy 269

Table 1 reports per-condition accuracy on both 270

benchmarks. 271
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Cond. GSM8K MATH500

R5 (TE) 96.4% 62.6%
R1 (Std CoT) 97.0% 68.6%
R2 (Concise CoT) 96.8% 68.4%
R3 (JSON) 97.0% 67.2%

Table 1: Prompt-only accuracy on the full GSM8K
(n=1,319) and MATH500 (n=500) test splits. TE
matches strong NL baselines on GSM8K and trails by
∼5–6 pp on MATH500. Tokens-per-correct and per-
difficulty breakdowns are in Appendix D.

On GSM8K, TE matches the best NL base-272

line within −0.4 pp; the 95% CI clears the pre-273

registered non-inferiority margin by a wide mar-274

gin. On MATH500, TE trails concise CoT by275

−5.80 pp (95% CI [−8.20,−3.40]). Our pre-276

registration designated this range as a FLAG band277

— a real deficit, not a gate-passing result — trig-278

gering planned SFT remediation rather than a non-279

inferiority claim. The deficit is uniform across280

difficulty levels rather than concentrated on hard281

problems. We characterize it as constant struc-282

tural overhead from the TE scaffolding (GIVEN,283

CHECK, etc.), proportionally heavier on shorter284

problems. Structural compliance is 100% on285

GSM8K and 96.4% on MATH500 (structural-286

failure breakdown in Appendix D).287

Failure-mode triage. Of 187 wrong R5 traces288

on MATH500: 77.5% (145/187) are strictly289

difficulty-bound (R5 wrong and all three NL base-290

lines wrong on the same problem; paired compari-291

son); 13.4% (25/187) are TE-specific (TE wrong,292

all three baselines correct), of which roughly half293

are LaTeX-vs-SymPy notation mismatches recov-294

erable with deeper extractor normalization; 6.4%295

(12/187) are extraction errors (no ans emitted be-296

fore MAX_TOKENS); the remaining 2.7% (5/187)297

are real grammar slips. The ∼5 pp MATH500 gap298

reflects the harder shared problem set plus the re-299

coverable notation mismatches, not a fundamental300

TE-specific failure mode.301

Per-token efficiency. R2 (concise CoT) domi-302

nates the per-token Pareto on both benchmarks:303

55 / 148 tokens-per-correct (GSM8K / MATH500)304

versus TE’s 166 / 342. TE does not contribute on305

the efficiency axis. The contribution defended in306

this paper is auditability (§5.2).307

E1 establishes that TE traces are emittable at308

frontier scale; the contribution is the auditability309

comparison in §5.2.310

Method TPR FPR Loc. ±3 κ

M1 (struct. only) 0.0% 0.0% 0.0% 1.00
M2 (TE+SymPy) 99.5% 10.0% 90.3% 1.00
M3 (NP self-verify) 66.3% 2.9% 84.6% 0.89
M4 (LLM judge) 87.2% 5.7% 97.7% 0.93

Table 2: Auditability methods on the 266-trace adver-
sarial corpus (196 adversarial, 70 clean). M2 is TE
plus the full SymPy linter. M3 is Natural Program
self-verify on deterministically-translated traces. M4
is a frontier LLM (Sonnet 4.6) prompted to detect in-
consistencies in raw TE traces. M2’s 10% raw FPR
drops to 7.1% after reclassifying two true catches that
the gold-vs-extracted comparison missed; details in
Appendix F.

Category n M2 M3 M4

arithmetic slip 46 100% 84.8% 84.8%
lost variable 46 100% 52.2% 69.6%
unsupported conclusion 46 100% 91.3% 95.7%
wrong unit 12 91.7% 16.7% 83.3%
contradicting equation 46 100% 50.0% 100%

Table 3: Per-category TPR. M2 catches every case in
four of five categories and 11 of 12 wrong-unit cases.
M3 (NP self-verify) collapses on the categories where
SymPy does work that language-model judgment can-
not do reliably.

5.2 E5: auditability 311

Table 2 reports the headline auditability compari- 312

son. 313

The linter wins by 33 pp. M2 catches 314

195 of 196 injected errors (Wilson 95% CI 315

[97.2%, 99.9%]). M3 catches 66.3%; M4 catches 316

87.2%. The M2-vs-M3 paired-bootstrap differ- 317

ence is +33.09 pp (95% CI [+26.5,+39.8]); M2- 318

vs-M4 is +12.24 pp ([+7.7,+17.4]). Both dif- 319

ferences are significant after Holm–Bonferroni 320

correction (adjusted p < 10−4). We report the 321

raw 10.0% FPR in Table 2. Two of the seven 322

clean-control flags correspond to line-verifiable 323

internal inconsistencies despite final-answer agree- 324

ment with gold; under this stricter audit interpre- 325

tation, effective FPR is 7.1% (Appendix F). Of 326

the five strict-FPR cases, three are rule-5 parser 327

failures on parametric problems where a free pa- 328

rameter is intentionally left undeclared; each has 329

a documented v2 fix. 330

5.3 Where the linter wins: the mechanism 331

The aggregate TPR conceals a sharp per-category 332

structure that is the paper’s main mechanism argu- 333

ment. Table 3 breaks TPR by corruption category. 334

The categories where M3 fails most — lost 335

variable (52.2%), wrong unit (16.7%), and con- 336
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tradicting equation (50.0%) — are precisely the337

categories where SymPy does work that natural-338

language verification cannot do reliably. Tracking339

that a symbol used in an eq was never declared340

in given requires a name-resolution pass over341

the trace. Checking that two eq lines bind the342

same variable to inconsistent values requires sym-343

bolic substitution and simplification. Checking344

that an eq’s declared unit matches the dimension-345

ality of its right-hand side requires a unit registry.346

M3 (and M4 less severely) approximates each of347

these through language-model judgment, and the348

approximation breaks down on the hardest cases.349

M2 simply runs the underlying computation. The350

single most dramatic gap is wrong unit, where351

M2 catches 11 of 12 cases and M3 catches 2 of352

12 — a 75 percentage-point gap on a small but353

well-defined category.354

Per-rule ablation. The mechanism story has a355

sharper form: which rules carry the load? We run356

four independent ablations, each disabling one se-357

mantic rule and leaving the other three (and all358

seven structural rules) intact. Rule 4 (variable359

scoping): TPR drops by 0.5 pp. Rule 5 (unit360

consistency): drops by 5.6 pp. Rule 6 (numeric361

correctness on eq): drops by 21.4 pp (TPR falls362

from 99.5% to 78.1%). Rule 7 (CHECK indepen-363

dence): drops by 2.6 pp. Rule 4’s small drop is364

consistent with the data: lost-variable adversarials365

also fail rule 6 (an undeclared symbol makes the366

substitute-and- evaluate pass abort with a name-367

resolution error), so rule 4 is mostly redundant368

with rule 6 on this corpus. Rule 7 is the con-369

ceptual distinction from LLM self-verification —370

it re-executes every check claim from the AST371

rather than asking the model to re-check itself —372

but rule 6 carries the largest empirical load: 42373

of 196 adversarials (21.4%) are detected solely by374

rule 6’s substitute-and-evaluate pass, regardless of375

whether the model emitted a check line at all.376

Two concrete catches. (a) Arithmetic slip (rule377

6, the modal case). A trace declares EQ[e3]:378

total = 16-3-4 = 8 (the model added379

wrong), then writes CHECK[c3]: arith:380

e3.value == 8. The check agrees with the381

slipped value, so M3 (reading prose) signs off:382

“compute 16 minus 3 minus 4 equals 8. Verify:383

yes.” M2 evaluates rule 6 on e3: substitute and384

re-evaluate 16− 3− 4 = 9 ̸= 8; TE_E006 fires.385

(b) Wrong unit (rule 5). EQ[e2]: distance386

= speed * time [miles] with speed in387

m/s and time in seconds. M3 reads the trace 388

and signs off (the LLM “knows” the formula). 389

M2 composes the RHS unit as m/s · s = meters, 390

disagrees with the declared miles, and fires 391

TE_E005. Rules 6 and 7 catch the same family 392

of errors via different paths: rule 6 catches a slip 393

even when the model’s own check agrees with 394

the slipped value; rule 7 catches a slip when the 395

model’s check disagrees with the trace’s actual 396

arithmetic. On this corpus they overlap on ∼45% 397

of detected adversarials, but rule 6 is uniquely 398

responsible for 21.4% and rule 7 for 2.6%. 399

Generalization caveat. The corpus is synthetic 400

and the categories were chosen to span TE’s rule 401

taxonomy. We do not claim that the 99.5% num- 402

ber transfers verbatim to naturally-occurring LLM 403

failures whose error distribution may differ. The 404

mechanism story is what we expect to general- 405

ize: rule 6 catches arithmetic mismatches that the 406

model’s own self-verification cannot see, and that 407

property is independent of corpus distribution. 408

Determinism. M2 is verdict-deterministic by 409

construction: the same trace produces the same 410

flag set, the same issue codes, and the same line 411

numbers on every run. M3 and M4 do not have 412

this property even at temperature 0.0. Across three 413

independent runs of M3 on the 266 traces, the ver- 414

dict (FLAG vs. CLEAN) flipped on roughly 10% of 415

traces; for M4 the disagreement rate was roughly 416

7%. For audit pipelines that route flagged traces 417

to specific remediation routines, this is the opera- 418

tional difference between a unit-testable verifier 419

and a non-deterministic one. 420

Latency. Median 9 ms per trace, 95th percentile 421

81 ms, maximum 703 ms on a 1,500-token trace 422

with deep symbolic manipulation. Linting the full 423

266-trace corpus end-to-end takes under 3 seconds 424

on a single CPU. M3 and M4 require ∼25 minutes 425

of wall-clock time per method (1,596 Bedrock 426

calls each) plus retries on the 6.4% of M3 calls 427

that return malformed JSON. 428

6 Limitations 429

1. Synthetic adversarial corpus. The 266- 430

trace corpus is built around five corruption 431

categories matched to TE’s rule taxonomy. 432

We do not claim that the 99.5% TPR gener- 433

alizes to naturally-occurring LLM failures 434

whose error distribution may differ. The 435

mechanism story (rule 6 catches arithmetic 436
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mismatches the model’s self-verification can-437

not see) is independent of corpus distribution438

and we expect it to generalize; cross-domain439

stress tests are future work.440

2. TE prompt-only does not match NL chain-441

of-thought on harder math. On MATH500442

the gap is −5.80 pp (95% CI lower bound443

−8.20 pp), within the pre-registered FLAG444

band but a real deficit. Mitigation: SFT445

on the curated TE pool; matched- scale 2B-446

model SFT preliminary results are in Ap-447

pendix I.448

3. Single-task math evaluation. The 266-trace449

E5 corpus is math-only. Generalization to450

logic, code, and multi-trace settings is not451

tested.452

4. Single-model generation and judging. All453

TE traces and all LLM-judge baselines (M3,454

M4) use Claude Sonnet 4.6. Cross-model455

verification is future work.456

5. Grammar v1 has known scope gaps. Com-457

posite additive-unit expressions (e.g., m ·458

(m+m)), brute-force case enumeration, and459

quantifier-rich logic require v2 grammar ex-460

tensions. M2 misses 1 of 12 wrong-unit cases461

for this reason.462

6. Asymmetric prompting. TE uses 5-shot in-463

context examples; baselines use zero shots.464

The asymmetric design is the conservative465

direction for the non-inferiority claim (TE466

carries shot-tax overhead while baselines do467

not). Matched-shot baselines are a docu-468

mented follow-up.469

7 Conclusion470

Telegraph Reasoning makes reasoning traces me-471

chanically checkable. A small grammar plus a472

deterministic linter plus a SymPy verifier catches473

99.5% of injected errors at sub-10-ms latency,474

beating LLM-driven self-verification by 33 per-475

centage points. The contribution is a substrate,476

not a competitor: RL-trained efficiency methods477

make traces shorter; TE makes them checkable.478

The two are orthogonal and combine naturally in479

future work.480
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trace ::= header body ans
header ::= ’GIVEN:’ (decl)+ ’GOAL:’ expr
body ::= line+
line ::= step | eq | check

| open | resolve
step ::= ’STEP[’ id ’]:’ text

(’from’ id (’,’ id)*)?
eq ::= ’EQ[’ id ’]:’ lhs ’=’ rhs

(’[’ unit ’]’)?
check ::= ’CHECK[’ id ’]:’ kind ’:’ claim
kind ::= ’arith’ | ’unit’ | ’domain’

| ’consistency’ | ’bound’
open ::= ’OPEN[’ id ’]:’ subgoal
resolve ::= ’RESOLVE[’ id ’]:’ ’by’ id
ans ::= ’ANS:’ expr (’[’ unit ’]’)?
decl ::= name ’:=’ value (’[’ unit ’]’)?

Figure 1: BNF for TEv1. Whitespace and indentation
are significant only at the GIVEN block. Identifiers are
[a-zA-Z_][a-zA-Z0-9_]*.

A Grammar (TE_REASONING_V1)535

The full BNF is shown in Figure 1. The grammar536

allows (and the linter rejects) deviations from the537

basic shape described in §3.538

B SymPy verifier539

The SymPy verifier accepts a restricted vocab-540

ulary: functions sqrt, abs, min, max,541

floor, ceil, gcd, lcm, mod, log,542

exp, sin, cos, tan, Sum, Product,543

factorial, binomial; constants π, e, i,544

∞. The whitelist was selected by inspection545

of GSM8K and MATH500: every function and546

constant that appears in any gold-derivation step547

on either benchmark is included, and nothing548

else. Identifiers not in the whitelist auto-register549

as user symbols. A 2-second per-call timeout on550

simplify prevents pathological slowdowns;551

we observed zero timeouts across all 266 traces.552

Numeric tolerance is εrel = 10−6, εabs = 10−9.553

Rational arithmetic is preserved end-to-end via554

nsimplify(rational=True).555

C Linter specification556

The linter has eleven active rules; each emits a557

stable error code (TE_E001–TE_E012) on vio-558

lation, with TE_E009 reserved as documented559

below.560

Rule 1 (TE_E001, structural). Trace must con-561

tain GIVEN, GOAL, and ANS in order.562

Rule 2 (TE_E002). All identifiers across eq,563

check, open must be unique.564

Rule 3 (TE_E003). Reference closure: every565

from id must point to a previously defined566

ID.567

Rule 4 (TE_E004, semantic). Variable scoping: 568

every free symbol must be declared in 569

given or be the LHS of an earlier eq. 570

Rule 5 (TE_E005). Unit consistency: an eq’s 571

declared unit must agree with the unit com- 572

puted from constituents. 573

Rule 6 (TE_E006). Numeric correctness: an 574

eq’s RHS, evaluated under the scope chain, 575

must equal the declared LHS within 10−6. 576

Rule 7 (TE_E007, load-bearing). CHECK in- 577

dependence: every check[id]’s asserted 578

property must agree with the linter’s recom- 579

putation from the trace AST. 580

Rule 8 (TE_E008). No unresolved open at 581

ans. 582

Rule 10 (TE_E010). Tag-only-prefix discipline: 583

each line must begin with a recognized tag. 584

Rule 11 (TE_E011). ANS must be derivable 585

from the eq chain. 586

Rule 12 (TE_E012). No natural-language hedg- 587

ing tokens (maybe, actually, wait, hmm) in- 588

side tagged lines. 589

Rule 9 (TE_E009, reserved). Composite-unit di- 590

mensional analysis (additive units across polyno- 591

mial expressions, e.g., m·(m+m)); the error-code 592

numbering is kept stable for forward compatibility. 593

Not implemented in v1. 594

D E1 extended results 595

Tokens-per-correct. R5 (TE): 166 / 342 596

(GSM8K / MATH500). R1 (Std CoT): 141 / 359. 597

R2 (Concise CoT): 55 / 148 (efficiency winner). 598

R3 (JSON): 251 / 391. R2 dominates the per-token 599

Pareto frontier on both benchmarks; TE does not 600

contribute on the efficiency axis. The contribution 601

defended in this paper is auditability (§5.2), not 602

efficiency. 603

MATH500 per difficulty level. Table 4 shows 604

accuracy by native MATH500 difficulty. The R5- 605

vs-R2 gap ranges from −2.9 pp (level 3) to −7.8 606

pp (level 2), without a monotonic relationship to 607

difficulty. 608
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Level R5 R1 R2 R3

1 (n=43) 74.4% 79.1% 81.4% 81.4%
2 (n=90) 72.2% 74.4% 80.0% 75.6%
3 (n=105) 62.9% 67.6% 65.7% 66.7%
4 (n=128) 61.7% 68.8% 66.4% 65.6%
5 (n=134) 53.0% 61.9% 60.4% 59.0%

Table 4: MATH500 accuracy by difficulty level.

Pair ∆TPR (95% CI) ∆FPR McNemar pHolm

M2 vs. M3 +33.09 [+26.5,+39.8] +7.06 < 10−5

M2 vs. M4 +12.24 [+7.7,+17.4] +4.29 < 10−4

M1 vs. M3 −66.45 [−73.0,−59.7] −2.86 < 10−5

M1 vs. M4 −87.20 [−91.8,−82.7] −5.71 < 10−5

Table 5: Paired comparisons; 10,000-iter paired-
bootstrap on per-trace correctness. All pairs significant
after Holm–Bonferroni at α=0.05.

Structural failures on MATH500. Of609

the 18 structural failures (3.6%), 14 are610

MAX_TOKENS=2048 truncation on hard prob-611

lems where the trace ran out mid-line, and 4612

are model-emitted prose between tagged lines613

(notably in brute-force enumeration problems614

where the model used STEP[sN]: to introduce615

a multi-line list).616

Failure-mode triage. Of 187 wrong R5 traces617

on MATH500: 77.5% (145/187) are strictly618

difficulty-bound (R5 wrong and all three NL619

baselines wrong on the same problem); 13.4%620

(25/187) are TE-specific (TE wrong, all three621

baselines correct), of which roughly half are622

LaTeX-vs-SymPy notation mismatches recover-623

able with deeper extractor normalization; the624

remainder (∼9%) are extraction errors, partial-625

disagreement cases, and real grammar slips.626

E E5 extended results627

The per-category breakdown (Table 3) and the628

per-rule ablation are reported in the main body629

(§5.3). This appendix supplies only the paired-630

comparison statistics not surfaced in the main text.631

Paired-comparison statistics. Table 5 reports632

the four key paired comparisons.633

F FPR diagnosis634

M2’s raw FPR is 10.0% (7 of 70 clean controls635

flagged); this is the metric reported in Table 2. The636

stricter audit-interpretation FPR of 7.1% drops637

two flags: every flag whose accompanying issue638

code points to an internal inconsistency that an639

auditor could verify line-by-line counts as a true640

TE tag NP rendering

GIVEN “Given:” followed by inputs
GOAL “Find:” followed by target
STEP[id] “Reasoning:” followed by text
EQ[id]: lhs=rhs “Step N : lhs = rhs”
CHECK[id]: arith “Verify:” . . .
CHECK[id]: unit “Verify (units):” . . .
CHECK[id]: domain “Verify (domain):” . . .
CHECK[id]: consistency “Verify (consistency):” . . .
CHECK[id]: bound “Verify (bound):” . . .
OPEN[id] “Sub-goal:” . . .
RESOLVE[id] by r “Resolved by step r.”
ANS “Final answer:” . . .

Table 6: Deterministic TE → NP mapping. The con-
version is bijective at the tag level; no information is
lost or added.

positive even if the final answer happens to coin- 641

cide with the gold label. The rule is mechanical 642

and applied without inspecting M3 or M4 verdicts. 643

Two audit-interpretation cases. (a) 644

GSM8K trace whose CHECK[c4]: arith: 645

eq_d.value == 33 asserts 33 for an eq 646

that evaluates to 32/96 · 100 = 33.3; the model 647

rounded to 33 in both check and ans, matching 648

gold after rounding, but the linter correctly flags 649

the internal arithmetic-rounding inconsistency. 650

(b) An ans that uses base-subscript notation 651

4343_6 rather than a SymPy-parseable bare 652

numeral, which the linter flags as a format 653

violation. 654

Five remaining false positives. (i) Paramet- 655

ric problems where a free parameter is intention- 656

ally left undeclared. (ii) eq_id.value notation 657

in eq right-hand sides where the model reuses a 658

prior eq’s value via shorthand. (iii) String-literal 659

given entries used to document recurrences. (iv) 660

Multi-step symbolic-manipulation chains where 661

the model rebinds a variable in pedagogically 662

meaningful ways (e.g., expanding (x·y ·z)4 as 16). 663

(v) An unusual ans format. None of these repre- 664

sents a fundamental problem with the verification 665

approach; each has a documented v2 fix. 666

G NP-translation mapping 667

The Natural Program protocol (Ling et al., 2023) 668

operates on natural-language step-numbered solu- 669

tions, not on TE traces. We use a fixed, rule-based 670

mapping rather than asking an LLM to rewrite 671

(which could fix or hide the very errors NP is 672

meant to catch). Table 6 lists the full mapping. 673

H Adversarial corpus generation 674

The 266-trace corpus has four parts: (1) 30 hand- 675

crafted seeds with one error each from the five 676
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categories (6 per category). (2) 166 program-677

matic perturbations of correct R5 traces from E1:678

an automated perturber selects a random correct679

trace, samples a category, and applies a category-680

specific perturbation function (e.g., for arithmetic681

slip: replace one eq’s RHS-numeric-result with a682

value off by 1–3 in the last digit). (3) 50 random683

clean controls sampled from correct R5 traces.684

(4) 20 hard-clean controls sampled from correct685

R5 traces on MATH500 levels 4–5 (to test FPR686

on more complex traces). The pre-registration687

is E5_V1_2026_05_13; the full seed list, per-688

turbation generators, and prompts are released in689

supplementary materials.690

I E3: matched-scale SFT (preliminary)691

To clarify the contribution of TE-SFT versus the692

base model’s own reasoning at matched param-693

eter scale, we additionally evaluate prompt-only694

Qwen3.5-2B with the standard chain-of-thought695

prompt on the same 1,819 problems. The SFT696

model (R5sft: Qwen3.5-2B + TE-SFT on 1,562697

traces) achieves 72.1% on GSM8K and 36.6%698

on MATH500 versus prompt-only Qwen3.5-2B at699

78.9% and 48.8% (∆ = −6.81 pp / −12.23 pp;700

both significant under Holm–Bonferroni-corrected701

McNemar at p < 10−5; bootstrap 95% CIs702

[−9.55,−4.02] / [−16.60,−8.00]).703

The SFT model compresses tokens-per-correct704

by 64.5% / 67.7% (R5sft: 167 / 268; prompt-only-705

2B: 471 / 829) and reduces extraction-error rate706

by 4–8× (0.2% / 12% vs. 7.7% / 30%). Structural707

compliance is 99.2% / 81.8%.708

We characterize the accuracy regression as a709

small-pool small-scale SFT limitation rather than710

a TE-format limitation; future work scales the711

SFT pool to 5,000–30,000 traces and the base712

model to 4B–9B. The auditability finding (§5.2)713

is independent of and unaffected by this matched-714

scale tradeoff.715
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